Abstract. We consider the fuzzification of the notion of an n-fold positive implicative ideal. We give characterizations of an n-fold fuzzy positive implicative ideal. We establish the extension property for n-fold fuzzy positive implicative ideals, and state a characterization of PI n -Noetherian BCK-algebras. Finally we study the normalization of n-fold fuzzy positive implicative ideals.
Introduction.
For the general development of BCK-algebras, the ideal theory plays an important role. In 1999, Huang and Chen [1] introduced the notion of n-fold positive implicative ideals in BCK-algebras. In this paper, we consider the fuzzification of n-fold positive implicative ideals in BCK-algebras. We first define the notion of n-fold fuzzy positive implicative ideals of BCK-algebras, and then discuss the related properties. We give the relation between a fuzzy ideal and an n-fold fuzzy positive implicative ideal. We state a condition for a fuzzy ideal to be an n-fold fuzzy positive implicative ideal. Using level sets, we give a characterization of an n-fold fuzzy positive implicative ideal. We establish the extension property for an n-fold fuzzy positive implicative ideal. Using a family of n-fold fuzzy positive implicative ideals, we make a new n-fold fuzzy positive implicative ideal. We define the notion of PI n -Noetherian BCK-algebras, and give its characterization. Furthermore, we study the normalization of an n-fold fuzzy positive implicative ideal.
Preliminaries.
By a BCK-algebra we mean an algebra (X; * , 0) of type (2, 0) satisfying the axioms (I) ((x * y) * (x * z)) * (z * y) = 0, (II) (x * (x * y)) * y = 0, (III) x * x = 0, (IV) 0 * x = 0, (V) x * y = 0 and y * x = 0 imply x = y, for all x, y, z ∈ X. We can define a partial ordering ≤ on X by x ≤ y if and only if x * y = 0. A BCK-algebra X is said to be n-fold positive implicative (see Huang and Chen [1] ) if there exists a natural number n such that x * y n+1 = x * y n for all x, y ∈ X.
In any BCK-algebra X, the following hold: (P1) x * 0 = x, (P2) x * y ≤ x, (P3) (x * y) * z = (x * z) * y, (P4) (x * z) * (y * z) ≤ x * y, (P5) x ≤ y implies x * z ≤ y * z and z * y ≤ z * x. Throughout this paper X will always mean a BCK-algebra unless otherwise specified. A nonempty subset I of X is called an ideal of X if it satisfies (I1) 0 ∈ I, (I2) x * y ∈ I and y ∈ I imply x ∈ I. A nonempty subset I of X is said to be a positive implicative ideal if it satisfies (I1) 0 ∈ I, (I3) (x * y) * z ∈ I and y * z ∈ I imply x * z ∈ I.
Theorem 2.1 (see [3, Theorem 3]). A nonempty subset I of X is a positive implicative ideal of X if and only if it satisfies
(I1) 0 ∈ I, (I4) ((x * y) * y) * z ∈ I and z ∈ I imply x * y ∈ I.
We now review some fuzzy logic concepts. A fuzzy set in a set X is a function
A fuzzy set µ in X is said to be a fuzzy ideal
Theorem 2.2 (see [2, Proposition 1]). For any fuzzy ideal µ of X, we have
(2.1) 3. n-fold fuzzy positive implicative ideals. For any elements x and y of a BCKalgebra, x * y n denotes
in which y occurs n times. Using Theorem 2.1, Huang and Chen [1] introduced the concept of an n-fold positive implicative ideal as follows.
We try to fuzzify the concept of n-fold positive implicative ideal.
Definition 3.2. Let n be a positive integer. A fuzzy set µ in X is called an n-fold
Notice that the 1-fold fuzzy positive implicative ideal is a fuzzy positive implicative ideal.
Example 3.3. Let X = {0,a,b} be a BCK-algebra with the following Cayley table:
Then µ is an n-fold fuzzy positive implicative ideal of X for every natural number n.
Proposition 3.4. Every n-fold fuzzy positive implicative ideal is a fuzzy ideal for every natural number n.
Proof. Let µ be an n-fold fuzzy positive implicative ideal of X. Then
Hence µ is a fuzzy ideal of X.
The following example shows that the converse of Proposition 3.4 may not be true.
Example 3.5. Let X = N ∪ {0}, where N is the set of natural numbers, in which the operation * is defined by x * y = max{0,x − y} for all x, y ∈ X. Then X is a BCK-algebra [1, Example 1.3] . Let µ be a fuzzy set in X given by
and so
Let X be an n-fold positive implicative BCK-algebra and let µ be a fuzzy ideal of X. For any x, y, z ∈ X we have
Hence µ is an n-fold fuzzy positive implicative ideal of X. Combining this and Proposition 3.4, we have the following theorem. for all x, y ∈ X.
Proof. Suppose that µ is an n-fold fuzzy positive implicative ideal of X and let
(3.5)
Conversely, let µ be a fuzzy ideal of X satisfying the inequality
Hence µ is an n-fold fuzzy positive implicative ideal of X.
Proof. Using Proposition 3.7, the proof is straightforward by induction.
Lemma 3.9. Let A be a nonempty subset of X and let µ be a fuzzy set in X defined by 
, and so a * b ∈ A and b ∈ A. It follows from (I2) that a ∈ A so that µ(a) = t 1 . This is a contradiction. Suppose that µ is a fuzzy ideal of X. Since µ(0) ≥ µ(x) for all x ∈ X, we have µ(0) = t 1 and hence 0 ∈ A. Let x, y ∈ X be such that x * y ∈ A and y ∈ A. Using (F2), we get
Proposition 3.10. Let A be a nonempty subset of X, n a positive integer, and µ a fuzzy set in X defined as follows:
where
is an n-fold fuzzy positive implicative ideal of X if and only if A is an n-fold positive implicative ideal of X.
Proof. Assume that µ is an n-fold fuzzy positive implicative ideal of X. Then µ is a fuzzy ideal of X. It follows from Lemma 3.9 that A is an ideal of X. Let x, y ∈ X be such that x * y n+1 ∈ A. Using Proposition 3.7, we get µ(x * y n ) ≥ µ(x * y n+1 ) = t 1 and so
Hence by [1, Theorem 1.5], we conclude that A is an n-fold positive implicative ideal of X. Conversely, suppose that A is an n-fold positive implicative ideal of X. Then A is an ideal of X (see [1, Proposition 1.2]). It follows from Lemma 3.9 that µ is a fuzzy ideal of X. For any x, y ∈ X, either x * y n ∈ A or
In the latter, we know
Proposition 3.7 it follows that µ is an n-fold fuzzy positive implicative ideal of X.
Proposition 3.11. A fuzzy set µ in X is an n-fold fuzzy positive implicative ideal of X if and only if it satisfies
Proof. Suppose that µ is an n-fold fuzzy positive implicative ideal of X and let x, y, z ∈ X. Then µ is a fuzzy ideal of X (see Proposition 3.4), and so µ is order reversing. It follows from (P3), (P4), and (P5) that
Using (F2) and Corollary 3.8, we get
which proves (F5). Conversely, assume that µ satisfies conditions (F1) and (F5). Taking z = 0 in (F5) and using (P1), we conclude that
Hence µ is a fuzzy ideal of X. Putting z = y in (F5) and applying (III), (IV), and (F1), we have
By Proposition 3.7, we know that µ is an n-fold fuzzy positive implicative ideal of X. Now we give a condition for a fuzzy ideal to be an n-fold fuzzy positive implicative ideal.
Theorem 3.12. A fuzzy set µ in X is an n-fold fuzzy positive implicative ideal of X if and only if µ is a fuzzy ideal of X in which the following inequality holds:
Proof. Assume that µ is an n-fold fuzzy positive implicative ideal of X. By Proposition 3.4, it follows that µ is a fuzzy ideal of X. Let a = x * (y * z n ) and b = x * y.
which is condition (F6). Conversely, let µ be a fuzzy ideal of X satisfying condition (F6). It is sufficient to show that µ satisfies condition (F5). For any x, y, z ∈ X we have
which is precisely (F5). Hence µ is an n-fold fuzzy positive implicative ideal of X. 
Proof. Assume that µ is an n-fold fuzzy positive implicative ideal of X and U(µ; t) = ∅ for every t ∈ [0, 1]. Then there exists x ∈ U(µ; t). It follows from (F1) that
so that x * y n ∈ U(µ; t). Therefore U(µ; t) is an n-fold positive implicative ideal of
. This is a contradiction. Hence µ is an n-fold fuzzy positive implicative ideal of X.
Theorem 3.14. If µ is an n-fold fuzzy positive implicative ideal of X, then the set
is an n-fold positive implicative ideal of X.
Proof. Let µ be an n-fold fuzzy positive implicative ideal of X. Clearly 0 ∈ X µ . Let x, y, z ∈ X be such that (x * y n+1 ) * z ∈ X µ and z ∈ X µ . Then
It follows from (F1) that µ(x * y n ) = µ(0) so that x * y n ∈ X µ . Hence X µ is an n-fold positive implicative ideal of X. Proof. Using Proposition 3.7, it is sufficient to show that ν satisfies the inequality ν(x * y n ) ≥ ν(x * y n+1 ) for all x, y ∈ X. Let x, y ∈ X. Then
Since ν is a fuzzy ideal, it follows from (F1) and (F2) that
This completes the proof.
PI n -Noetherian BCK-algebras
Definition 4.1. A BCK-algebra X is said to satisfy the PI n -ascending (resp., PI ndescending) chain condition (briefly, PI n -ACC (resp., PI n -DCC)) if for every ascending (resp., descending) sequence A 1 ⊆ A 2 ⊆ ··· (resp., A 1 ⊇ A 2 ⊇ ···) of n-fold positive implicative ideals of X there exists a natural number r such that A r = A k for all r ≥ k. If X satisfies the PI n -ACC, we say that X is a PI n -Noetherian BCK-algebra.
Theorem 4.2. Let {A k | k ∈ N} be a family of n-fold positive implicative ideals of X which is nested, that is,
for all x ∈ X, where A 0 stands for X. Then µ is an n-fold fuzzy positive implicative ideal of X.
Proof. Clearly µ(0) ≥ µ(x)
for all x ∈ X. Let x, y, z ∈ X. Suppose that
for k = 0, 1, 2,... ; r = 0, 1, 2,.... Without loss of generality, we may assume that k ≤ r . Then obviously z ∈ A k . Since A k is an n-fold positive implicative ideal, it follows that x * y n ∈ A k so that (ii)⇒(i). Assume that condition (i) is satisfied and X is not PI n -Noetherian. Then there exists a strictly ascending chain
of n-fold positive implicative ideals of X. Let A = ∪ k∈N A k . Then A is an n-fold positive implicative ideal of X. Define a fuzzy set ν in X by
(4.10)
We claim that ν is an n-fold fuzzy positive implicative ideal of X. Since 0 ∈ A k for all k = 1, 2,..., we have
Similarly for the case (x * y n+1 ) * z ∈ A k \ A r and z ∈ A k , we have
Thus ν is an n-fold fuzzy positive implicative ideal of X. Since the chain (4.9) is not terminating, ν has a strictly descending sequence of values. This contradicts the assumption that the value set of any n-fold fuzzy positive implicative ideal is well ordered. Therefore X is PI n -Noetherian. This completes the proof.
We note that a set is well ordered if and only if it does not contain any infinite descending sequence. Proof. Assume that X is a PI n -Noetherian BCK-algebra and let µ be an n-fold fuzzy positive implicative ideal of X. Then by Theorem 4.4 we know that Im(µ) is a well-ordered subset of [0, 1] and so the condition is necessary. Conversely, suppose that the condition is satisfied. Assume that X is not PI nNoetherian. Then there exists a strictly ascending chain of n-fold positive implicative ideals
(4.14)
Define a fuzzy set µ in X by
is equal to 0 and hence
If (x * y n+1 ) * z ∈ A 1 and z ∈ A 1 , then x * y n ∈ A 1 and thus
Consequently, µ is an n-fold fuzzy positive implicative ideal of X. This contradicts our assumption.
Normalizations of n-fold fuzzy positive implicative ideals
Definition 5.1. An n-fold fuzzy positive implicative ideal µ of X is said to be normal if there exists x ∈ X such that µ(x) = 1. Proof. We have µ
(5.1)
Hence µ + is a normal n-fold fuzzy positive implicative ideal of X, and obviously
Noticing that µ ⊆ µ + , we have the following corollary.
Using Proposition 3.10, we know that for any n-fold positive implicative ideal A of X, the characteristic function χ A of A is a normal n-fold fuzzy positive implicative ideal of X. It is clear that µ is a normal n-fold fuzzy positive implicative ideal of X if and only if µ + = µ.
Proposition 5.5. If µ is an n-fold fuzzy positive implicative ideal of X, then (µ
Proof. The proof is straightforward. Given an n-fold fuzzy positive implicative ideal, we construct a new normal n-fold fuzzy positive implicative ideal.
Theorem 5.9. Let µ be an n-fold fuzzy positive implicative ideal of X and let f :
Hence µ f is an n-fold fuzzy positive implicative ideal of
for all x ∈ X, which proves µ ⊆ µ f .
Let ᏺ(X) denote the set of all normal n-fold fuzzy positive implicative ideals of X. Proof. Since µ is normal, we have µ(0) = 1. Let x ∈ X be such that µ(x) = 1. It is sufficient to show that µ(x) = 0. If not, then there exists a ∈ X such that 0 < µ(a) < 1. Define a fuzzy set ν in X by ν(x) = (1/2){µ(x)+µ(a)} for all x ∈ X. Clearly, ν is well defined, and we get
= min ν x * y n+1 * z , ν(z) . 
